
Math 564: Advance Analysis 1
Lecture 19

Proof of Lebesgue-Radon-Nikodym the Continued) . Suppose d, 0 one finite measures.

For a non-negative B-measurable f : X + 10
,
91
,
recoll thatIf denotes the measure

rf (B) : = It do FBEL .

It is common to write dof :=flo to mean this
. By the observa-

tion beforehis proof
,
it is enough to show Rt =Of + Mo for some B-mess, non-neg . f and

No 10 .
Let di2fdr

-
F : = (f : X +10 , %) : F B-nes ,

and M= Of 3
.

Note that DEF and F is closed under max operation . Indeed, if f, get
then Letting X=X=4 Xg ,

whe X: = (xeX : f(x)g(x)] al
Y
g
= (xtX : f(x)<g(x)3 , then dM>Exif do = 1x max (g)do

and dis #xigdu=1x waif,g) · do ,
so doe nexly Aldo.

Let (fz) F sit
. hi Stude = sp)Stdr : FEE]M.

By replacing each
In with max(fo

,
t
, ...,
ful we may assume that ful is increasing

so fit lite existe and by the monotone convergence tha :

(fdu = him )fndo = sp)Sfdr : +53.

Note Rat feF because VBCB
,
we have

M(B) 2 Study so M(B) = LimSFado=Al
.

B
B

We show let A is as desired. not No :=M-Uf
,
so Noz0 is

a measure. Applying the previous lemma toNo and o
,
we get

that either Moto
,
in which case M=Vf+Mo is as desired,

or FACB with v(A) > O sit
· Mola-1 . dolA .

If the
latter

,
then f+21AEF , but (f+31Adv = Jtlo +2 . 01A)> Side ,



contradicting the maximality of Ifdv .

For --finite M and v
,
we can write X=X) s . t.

both of and v are finite on each Xu
Flet X=LIYr be for MarlXL-be for U

,
takee7e

L YmEe) . Then kof ench n we get X = X*4X
R
,
l and a functionIn as above for Myn)alV(xm))

(n)und f : = If 1 X := 4Xo , Xi= X ,
)
are

desired u

lor. let M
,
0 be -frite measmes on a mesurable space

(X
,
B).

# MS50 Ken for all ge l'IX,M) or g
: X+10

, 8] B-measurable
,

we have /gdd=Jg . Mdo .

(4)

Proof
.

For each BEB
,
wealready know (AigdM=(Ap . A du.

Linewrite gives (4) br simple functions
,

and fence for gzO by MCT
and the fact thatg is an increasing limit of simple functions.
For function y , let g=gt-y- and apply linearity.

Chain rule .

It M , 0 , X
be ithile measures on a measurable space (X, B)

Suppose 15 Ma0 and UX
.

Then McX and

Im
= 1 .

&.
MX do dX

Proof. The transitivity is by definition : X (B) = 0 => v(B) = 0 => (B)=0
.
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